Let X denote a complete separable metric space, and let C(X) denote the linear space of all bounded continuous real-valued functions on X. The Lie generator of a strongly continuous semigroup T of continuous transformations in X is the linear operator in C(X) consisting of all ordered pairs (f; g) such that f; g 2 C(X), and for each x 2 X, g(x) is the derivative at 0 of f(T( )x). We completely characterize such Lie generators and establish the canonical exponential formula for the original semigroup in terms of powers of resolvents of its Lie generator. The only topological notions needed in the characterization are two notions of sequential convergence, pointwise and strict. A sequence in C(X) converges strictly if the sequence is uniformly bounded in the supremum norm and converges uniformly on compact subsets of X. Our su cient conditions do not involve powers of the resolvent higher than the rst power.
INTRODUCTION
Let X denote a separable complete metric space, and let F(X) denote the collection of all continuous transformations from X into X. A strongly continuous semigroup of continuous transformations in X is a function T from 0; 1) into F(X) such that T(0) is the identity transformation on X, T(t)T(s) = T(t + s) for s; t 0, and for each x in X, the function T( )x is continuous from 0; 1) to X. The semigroup T is commonly denoted by fT(t)g t 0 . Denote the collection of all strongly continuous semigroups of continuous transformations in X by S(X), and let C(X) denote the linear space of all bounded continuous real-valued functions on X. We need to mention that if T 2 S(X), then the transformation (t; x) ! T(t)x is jointly continuous from 0; 1) X into X; see 2, Theorem 4]. If T 2 S(X), then the Lie generator of T is the linear operator A in C(X) consisting of all ordered pairs (f; g) such that f; g 2 C(X) and g(x) = lim It is easy to see that the Lie generator of a semigroup T 2 S(X) is a derivation. A sequence ff n g 1 n=1 in C(X) is said to converge strictly to a function f 2 C(X), and we say that f is the strict limit of ff n g 1 n=1 , if ff n g 1 n=1 is uniformly bounded in the supremum norm and ff n g 1 n=1 converges to f uniformly on compact subsets of X. We will see later that strict convergence is convergence in a topology on C(X). This topology is called the strict topology; see 11] . We say that a linear operator Q from C(X) into C(X) is strictly sequentially continuous if Q transforms strictly convergent sequences to strictly convergent sequences, and that a collection Q of such operators is strictly sequentially equicontinuous if whenever ff n g 1 n=1 C(X) converges strictly to f 2 C(X), then the collection fQf n : n 2 IN; Q 2 Qg is bounded in the supremum norm, f Qf n ](x)g 1 n=1 converges to Qf](x) for each Q 2 Q and x 2 X, and this convergence is uniform for Q 2 Q and x in compact subsets of X. A subset F of C(X) is said to be strictly sequentially dense in C(X) if each f 2 C(X) is the strict limit of a sequence of functions belonging to F. We can now state our main theorem.
Theorem. Let A be a linear operator in C(X), that is, with domain and range contained in C(X). Then A is the Lie generator of a semigroup T 2 S(X) if and only if (i) A is a derivation,
(ii) the domain of A is strictly sequentially dense in C(X), (iii) for each > 0, I ? A has a norm nonexpansive and strictly sequentially continuous inverse de ned on all of C(X) (I denotes the identity transformation in C(X)), and (iv) if > 0, then the collection f(I ? A) ?1 : 0 < g is strictly sequentially equicontinuous.
Furthermore, if A is the Lie generator of T 2 S(X), then f T(t) = lim n!1 (I ? (t=n)A) ?n f for t > 0 and f 2 C(X), where the limit is the strict limit.
The main theorem characterizes Lie generators and establishes the canonical exponential formula. 6] characterized Lie generators, but the characterization here is much simpler in that it only involves pointwise and strict sequential convergence, whereas the characterization in 6] involved a locally convex topology on C(X). Also, the su cient conditions in 6] included an equicontinuity assumption on (I ? A) ?n for n > 1, whereas this paper does not. This paper is more nearly \self-contained" in that it does not appeal to any theory of strongly continuous semigroups in topological vector spaces, whereas 6] did. Furthermore, 6] did not establish the exponential formula. A theory like that in 6] is given in 4] in the case X is a locally compact Hausdor space, not necessarily metric. The paper 5] contains a relevant result on the strict topology. In 9], it was proved that if A is the Lie generator of T 2 S(X), then f(T(t)x) = lim n!1 (I ? (t=n)A) ?n f (x) for all t 0, f 2 C(X), and x 2 X.
The main result is proved in Section 3 by a straight-forward, two-part argument. In the rst part, it is proven that a Lie generator satis es (i) ? (iv) . In the second part, a semigroup T 2 S(X) is constructed from an operator A satisfying (i) ? (iv) by means of the exponential formula, and it is proven that A is the Lie generator of T. Section 2 contains preliminary results about topologies, linear operators, and linear semigroups in C(X), and Section 4 contains examples.
PRELIMINARY RESULTS
Throughout this paper, \norm", or k k, will refer to the supremum norm on C(X), and for r > 0, B r will denote the closed ball ff 2 C(X) : kfk rg in C(X). Let denote the compact-open topology on C(X), and let denote the strongest locally convex topology on C(X) that agrees with on each set B r . We call the strict topology on C(X). Mainly, the properties of the strict topology that we need are documented in the paper 11] , and what we do here is to provide a guide for nding the documentation. Sentilles de nes three \strict" topologies 11, p. 315] in the case that X is a completely regular Hausdor space, and then establishes that the three topologies coincide if X is a complete separable metric space 11, Theorem 9.1, p. 332]. The -bounded sets are norm bounded, so it follows that a sequence in C(X) is strictly convergent as de ned in the introduction if and only if the sequence is convergent in the strict topology.
2.1 Proposition. Let V be an absolutely convex absorbent set in C(X) having the property (P): for each r > 0, there is a -neighborhood V r of 0 such that V V r \ B r . Then V is a -neighborhood of 0.
Proof. Since is the strongest locally convex topology on C(X) agreeing with on each set B r , then is the strongest locally convex topology on C(X) agreeing with itself on each set B r . The collection of all absolutely convex absorbent sets V having property (P) is a base for a locally convex topology on C(X) by 10, Thm. 2, p. 10] or 12, Thm. 1.2, p. 14]. Clearly, is stronger than , and the restriction of to any set B r coincides with the restriction of to B r . Therefore, = .
The following proposition gives one of the main reasons that the strict topology is suitable for this analysis. We will not use the lemma directly in this paper, but only indirectly by referring to results in 6] for which this lemma is crucial. Because of the critical importance of this lemma to the theory we develop, we state it here and give a simpler and more accessible proof than what was given in 6]. We wish to thank Professor Jimmie Lawson of Louisiana State University for showing us the construction that makes this simpler proof possible. XnX. Let fV n g 1 n=1 denote a countable base for the topology of X. Since b X is Hausdor , it follows that there is a subbase fW n g 1 n=1 of fV n g 1 n=1 such that z is not contained in the b X-closure of W n for any n. By Urysohn's Lemma, for each n, there is a continuous function f n from b X into 0; 1] such that f n = 0 on the b X-closure of W n and f n (z) = 1. Let f = P 1 n=1 (1=2 n )f n , and let g denote the restriction of f to X. Then m(g n ) = 1 for each n, but the sequence fg n g 1 n=1 is -convergent to 0. To see this, note that g(x) < 1 for all x 2 X, so that fg n g 1 n=1 converges to 0 uniformly on compact sets by Dini's Theorem. Since the sequence is clearly norm-bounded, then it converges to zero in the strict topology. This is a contradiction.
The above proposition implies that any -continuous linear operator in C(X) that is also a multiplicative homomorphism is of the form f ! f F for some continuous transformation F from X into X. Another especially nice feature of the strict topology is that in spite of the fact that it is not a metric topology or even rst-countable, \sequences are enough." The meaning of this statement will soon be made clear.
2.3 Proposition. If V is any absolutely convex set in C(X) that contains a tail of every sequence in C(X) that is convergent to zero in the strict topology, then V is a -neighborhood of 0.
Proof. See 11, Theorem 8.2, p. 330], and remember that the three strict topologies de ned by Sentilles coincide in our setting. The proof of this amazing proposition is quite elegant and uses the fact that the strict topology is Mackey.
Proposition. A linear functional on C(X) is -contiuous if and only it transforms
strictly convergent sequences to convergent sequences, a linear operator Q from C(X) into C(X) is -continuous if and only if it is strictly sequentially continuous as de ned in the introduction, and a collection of such operators is -equicontinuous if and only if it is strictly sequentially equicontinuous as de ned in the introduction.
Proof. This follows from Proposition 2.3 by a routine argument.
2.5 Lemma. If Q is a -equicontinuous collection of norm-nonexpansive operators in C(X) and is a number between 0 and 1, then the collection f Q] n : Q 2 Q; n 2 INg is -eqicontinuous.
Proof. Let V be a -neighborhood of 0, and choose a > 0 so that B a V . The fact that Q is -equicontinuous implies that if n 2 IN, then fQ j : Q 2 Q; j ng is -equicontinuous. Let 2 (0; 1) and for each r > 0, choose n r so that r n r < a, and let V r denote an (?1) k+n (k + n) ( (I ? (t=n)A) ?n f for t 0 and f 2 E. It is clear that each transformation e U(t) is linear. The above limit is a norm limit, so it is also a -limit. By Lemma 2.7, the collection f(I ? (t=n)A) ?n : 0 t b; n 2 INg is a -equicontinuous collection for each b > 0. Since E is -dense in C(X), it follows that the -limit exists for all f 2 C(X), and we can de ne U(t)f = -lim n!1 (I ? (t=n)A) ?n f for t 0 and f 2 C(X). It is also true that each operator e U(t) is -continuous and the U(t) is the unique -continuous extension of e U(t) to C(X). Furthermore, the collection fU(t) : 0 t bg is -equicontinuous for for each b > 0.
It is clear that the mapping U is a semigroup of transformations in C(X); we want to show that U is -strongly continuous. Let f 2 C(X), t 0, and let V be an absolutely convex -neighborhood of 0. Choose g 2 E so that U(s)(g ?f) 2 (1=3)V for 0 s t+1, and choose > 0 so that U(s)g ? U(t)g 2 (1=3)V for js ? tj < . Then U(s)f ? U(t)f 2 V for js ? tj < min(1; ). established early in the argument is, in fact, the promised exponential formula for T, since U(t)f = f T(t).
APPLICATIONS AND EXAMPLES
A purpose of semigroup theory is the discovery of classes of di erential equations in various spaces X which have global solutions, i.e., solutions on all of 0; 1). Suppose here that X is a closed subset of a seperable Banach space Y and that B is a transformation from a dense subset of X into Y . One may ask whether it is the case that given x 2 X there is a unique function y : 0; 1) ! X such that, perhaps in some generalized sense, y 0 (t) = B(y(t)) for t 0; y(0) = x:
The following proposition proposes a generalized sense based on Lie generators. Proof. This follows immediately from the de nition of Lie generator and the fact A is an extension of A 1 .
Example
We choose the following example to both illustrate our development and to point out a phenomenon which may be of interest. Let X = IR, and A the collection of all (f; g) 2 C(X) C(X) such that f is continuously di erentiable on IR n f0g, and g(x) = x 2=3 f 0 (x) for x 6 = 0. We wish to thank C. J. K. Batty for some helpful correspondence; see 1]. We want to show that A is a Lie generator and to determine the semigroup T 2 S(X) that has A as its Lie generator by examining the operator (I ? A) ? The phenomenon to which we alluded at the start of this example is the following:
For B de ned by B(x) = x 2=3 , x 2 R, the problem y0(t) = B(y(t)); t 0; y(0) = x; has in nitely (even uncountably) many solutions if x 0. Indeed this is the standard example of such behavior. What our procedure does is to pick out the only semigroup T 2 S(R) which is generated on all of R by the vector eld B:
One hope for the present work is that it will be useful in showing global existence for systems of partial di erential equations which can be written in the form y 0 (t) = B(y(t)). Probably the main di culty for any speci c transformation B is the extablishment (or proof of nonexistence) of, given g 2 C(X) and > 0, a unique f 2 C(X) so that f ? Af = g where (perhaps) A 1 is de ned in terms of B as in Proposition 4.1, and A is an appropriate extension of A 1 . One might hope that, given an a rmative solution to the above problem, that the establishing of the remainder of the facts necessary to show that A is a Lie generator would be relatively easy to do.
At any rate, we have transformed the nonlinear problem of solving y 0 (t) = B(y(t)) into a linear problem (albeit in a larger space than X). When one considers the immense existing structure and intuition for linear problems, one might have some optimism that the present work will be useful.
